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Limits, Derivatives and Integrals 

Assumptions 

All functions, variables and constants are real valued. 

f  is a function.  v and u are functions of a common independent variable. 

x is a real valued variable;  a, b, c and n are real number constants. 

Limits 

     

Derivative Definition and Properties 

Definition 
General: 

0

( ) ( )
( ) lim

h

f x h f x
f x

h→

+ −
 =  At the point a: 

( ) ( )
( ) lim

x a

f x f a
f a

x a→

−
 =

−
 

 

Properties ( )cu cu =  ( )u v u v   =   ( )uv u v uv  = +  
2

u u v uv

v v

  − 
= 

 
 

 

Chain Rule ( ) ( ) ( ) ( ) ( ) f u x f u x u x  =    

L’Hôpital’s Rule 

Suppose f and g are differentiable functions on an open interval containing a, but not necessarily at a, and 

lim ( ) lim ( ) 0 or 
x a x a

f x g x
→ →

= =   and in the interval ( ) 0g x  except possibly at a, if  lim ( ) ( )
x a

f x g x
→

  exists, or is   then 

lim ( ) ( ) lim ( ) ( )
x a x a

f x g x f x g x
→ →

 = .  Moreover, this holds for the limits: x a−→ , x a+→  or x → .  

Derivative of Basic Functions 

If x is replaced with a function in the derivatives below the chain rule must be applied. 

Constant, Power, Exponential and Logarithmic Functions 

0 c =  
1( )n nx nx − =
 ( )x xe e =

 
( ) ( )ln   0x xb b b b = 

 
( )

1
ln ,  0x x

x

 = 
 

( )
1

log ,   0,  0
ln

b x x b
x b

 =  
 

Trigonometric Functions 

( )sin cosx x =
 

( )cos sinx x = −
 

( ) 2tan secx x =

 

( ) 2cot cscx x = −

 ( )sec sec tanx x x =

 

( )csc csc cotx x x = −

 
Inverse Trigonometric Functions 

( )1

2

1
sin

1
x

x

−  =
−  

( )1

2

1
cos

1
x

x

− − =
−  

( )1

2

1
tan

1
x

x

−  =
+  

( )1

2

1
cot

1
x

x

− − =
+  

( )1

2

1
sec

1
x

x x

−  =
−

 

( )1

2

1
csc

1
x

x x

− − =
−

 

 

0

sin
lim 1
x

x

x→
=

0

1 cos
lim 0
x

x

x→

−
=

0

1
lim 1

x

x

e

x→

−
=

0

1
lim 1 1

x

x x→

 
+ = 

 

1
lim 1

x

x
e

x→

 
+ 
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Functions as Limits of Integration 

Given functions f , g and h are integrable and function F is an antiderivative of f  the Fundamental Theorem of Calculus tells us 

( ) ( ) ( ) ( )
( ) ( ) ( )

( ) 0 0
( ) ( ) ( ) ( ) (0) ( ) (0) ( ) ( )  .

g x g x h x

h x
f t dt f t dt f t dt F g x F F h x F F g x F h x= − = − − + = −    

Applying the chain rule of differentiation gives, 

( ) ( ) ( ) ( ) ( ) ( )
( )

( )
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) .

g x

h x

d d d d
f t dt F g x F h x F g x F h x f g x g x f h x h x

dx dx dx dx
 = − = − = −            

Integrals of Basic Functions 

Constant, Power, Exponential, 1/x and Logarithmic Functions 

cdx cx C= +  

1

,   1
1

n
n x

x dx C n
n

+

= + 
+  

1
ln ,   0dx x C x

x
= + 

 

x xe dx e C= +  

  0
ln

x
x b

b dx C b
b

= + 
 

ln ln ,   0xdx x x x C x= − +   
( )

1
log ln ,   0,   0

ln
b xdx x x x C x b

b
= − +  

 

Trigonometric Functions 

sin cosxdx x C= − +  
tan ln secxdx x C= +  ( )

csc ln csc cot

ln tan 2

xdx x x C

x C

= − +

= +



 

cos sinxdx x C= +  
cot ln sindx x C= +  ( )

sec ln sec tan

ln tan 4 2

xdx x x C

x C

= + +

= + +



 

Inverse Trigonometric Functions 

1 1 2sin sin 1xdx x x x C− −= + − +  

1 1 2cos cos 1xdx x x x C− −= − − +  

1 1 2tan tan ln 1xdx x x x C− −= − + +  

1 1 2cot cot ln 1xdx x x x C− −= + + +  

1 1 2sec sec ln 1xdx x x x x C− −= − + − +
 

1 1 2csc csc ln 1xdx x x x x C− −= + + − +
 

Some Functions containing 
2 2x a  and 

2 2a x−  

2 2

2 2

1
lndx x x a C

x a
= + − +

−


 

( )2 2

2 2

1
lndx x x a C

x a
= + + +

+


 

1 1

2 2

1
sin cos

x x
dx C C

a aa x

− −= + = − +
−

  

2 2

1 1
ln

2

x a
dx C

a x ax a

−
= +

+−
 

1 1

2 2

1 1 1
tan cot

x x
dx C C

a a a ax a

− −= + = − +
+  

2 2 2 2 2 2 21
ln

2 2

x
x a dx x a a x x a C− = − − + − +

 

2
2 2 1 2 2sin

2 2

a x x
a x dx a x C

a

−− = + − +
 

Trigonometric Reductions 

1 21 1
sin sin cos sinn n nn

xdx x x xdx
n n

− −− −
= + 

 

1 21 1
cos cos sin cosn n nn

xdx x x xdx
n n

− −−
= + 

 

1 21
tan tan tan

1

n n nxdx x xdx
n

− −= −
− 

 

1 21
cot cot cot

1

n n nxdx x xdx
n

− −−
= −

− 
 

2 21 2
csc csc cot csc

1 1

n n nn
xdx x x xdx

n n

− −− −
= +

− − 
 

2 21 2
sec sec tan sec

1 1

n n nn
xdx x x xdx

n n

− −−
= +

− − 
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Proof of Limits 

Proof 
0

sin
lim
x

x

x→
. 

In the diagram to the left quadrant I of the unit circle is shown with two triangles and 

a sector drawn on the same angle θ. Since it is a unit circle the lengths 1OB OD= = . 

The blue triangle OBD  has area (sin ) 2 . The dotted triangle OCD  has area

(tan ) 2x . The sector formed by the arc BD  has area (2 ) 2  =
 

The area of OBD is a subset of the area of the sector which in turn is a subset of the 

area of OCD . This allows us to write, 

sin tan

2 2 2

  
  . 

We need to consider a negative θ in quadrant IV so we can take the two-sided limit as 

0 → . Since area is taken to be always positive, we add absolute value signs to each 

area to ensure the area remains positive in quadrant IV, 

sin tan

2 2 2

  
   

Multiplying this equation by 2 sin gives,  

1
1

sin cos



 
  . 

In quadrant I and IV cos is positive and both θ and sin have the same sign. This means all terms in the inequality are positive and 

the absolute value signs can be removed, 

1
1 .

sin cos



 
   

Taking the reciprocal, we reverse the inequality signs. 

sin
1 cos





   

Apply the squeeze theorem with the limit x → 0. 

0 0 0

sin
lim1 lim limcos
x x x

x
x

x→ → →
 

 
0

sin
1 lim 1

x

x

x→
   

0

sin
lim 1
x

x

x→
=

 

 

 

 

 

 

 

 

 

 

 

y

x

B

AO

C

D

tanθ 

1

unit 

circle

sinθ 

θ
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Proof 
0

1 cos
lim 0
x

x

x→

−
= . 

0 0

2

0

2

0

0

0 0

1 cos 1 cos 1 cos
lim lim

1 cos

1 cos
lim

(1 cos )

sin
lim

(1 cos )

sin sin
lim

(1 cos )

sin sin
lim lim

(1 cos )

1 0

0

x x

x

x

x

x x

x x x

x x x

x

x x

x

x x

x x

x x

x x

x x

→ →

→

→

→

→ →

− − +
=

+

−
=

+

=
+

=
+

= 
+

= 

=

 

Proof 
0

1
lim 1

x

x

e

x→

−
= . 

Use the definition 

1

0

1
lim 1    lim(1 )

x

x

x x
e e x

x→ →

 
+ → = + 

 
 

to write, 

( )

( )

1

0

0 0

1

0

0

0

0

0

lim(1 ) 11
lim lim

(1 ) 1
lim

(1 ) 1
lim

1 1
lim

lim

lim1

1

x
x

x
x

x x

x
x

x

x x

x

x

x

x

xe

x x

x

x

x

x

x

x

x

x

→

→ →

→

→

→

→

→

+ −−
=

+ −
=

+ −
=

+ −
=

=

=

=

 

Proof 
0

1
lim 1 1

x

x x→

 
+ = 

 
. 

0

1
ln lim 1

0

1
lim 1

x

x

x
x

x
e

x

→

  
 +    

→

 
+ = 

 
 

Focusing on the exponent on the right 

above and utilizing L'Hôpital's rule we 

have, 

0 0

0

0

0

2

0

2

0

1 1
ln lim 1 lim ln 1

1
lim ln 1

1
ln 1

lim
1

1
ln 1

lim
1

1 1

1 1
lim

1

1
lim

1 1

0.

x x

x x

x

x

x

x

x

x x

x
x

x

x

d

dx x

d

dx x

x x

x

x

→ →

→

→

→

→

→

    
+ = +         

 
= + 

 

 
+ 

 
=

  
+  

  
=

 
 
 

  − 
  
+   

=
−

=
+

=

 

Replace this result for the exponent in the 

original equation, 

0

0

1
lim 1

1

x

x
e

x→

 
+ = 

 

=  
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Proof of Derivatives 

Derivatives of Power Function 

For  and 0n n  : 

( )
( )

0

1 2 2 1

0

1 2 2 1

0

lim ,  use binomial expansion for  to write

1 2 1
lim

lim
1 2 1

1

n n
nn

h

n n n n n n

h

n n n n

h

n

x h xd
x x h

dx h

n n n
x x h x h xh h x

n

h

n n n
x x h xh h

n

n
x

→

− − −

→

− − − −

→

−

+ −
= +

     
+ + + + + −     

−     
=

      
= + + + +      

−      

 
=  
 

1

1nnx −=

 

For  and 0n n   let m n= −  so 0m   and the previous result can be 

used along with the quotient rule: 

1

2

1 2

1

1

1

0 1

n m

m

m m
n

m

m m

m

n

x x
x

d x mx
x

dx x

mx

mx

nx

−

−

− −

− −

−

= =

 − 
=

= −

= −

=

 

( )nd
x

dx
, where n  and 0n  . Use implicit 

differentiation after taking the logarithm. 

0x   or 0x   and n 

even so 0
nnx x=  . 

1

ln ln

ln ln

1 1

nn

n

n

n

y x x

y x

y n x

dy
n

y dx x

dy n y

dx x

n x

x

nx −

= =

=

=

=


=


=

=

 

0x   and n odd so 

0
nnx x= −  . 

( )

( )

1

ln ln

ln ln

1 1

nn

n

n

n

n

y x x

y x

y x

y n x

dy
n

y dx x

dy n y

dx x

dy n x

dx x

nx −

= = −

− =

− =

− =

 
− = 

−  


=


=

=
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Derivatives of Logarithmic and Exponential Functions 

( )

( )

( )

0

0

0

lim

1
lim

1
lim

x h x
x

h

x h

h

h

x

h

d e e
e

dx h

e e

h

e
e

h

+

→

→

→

−
=

−
=

−
=

 

Euler’s number e can be defined by the limit: ( )lim 1 1
n

n
e n

→
+ .  

By substituting 1h n=  this can be rewritten as ( )
1

0
lim 1

h

h
e h

→
= + .  

Substituting this for e above in the right side gives, 

( )
( )( )

( )( )

( )

1

0

0

0

0

0

0

lim 1 1

lim

1 1
lim

1 1
lim

lim

lim1

h
h

h
x x

h

h h

x

h

x

h

x

h

x

h

x

h
d

e e
dx h

h
e

h

h
e

h

h
e

h

e

e

→

→

→

→

→

→

 
+ − 

 
=

+ −
=

+ −
=

=

=

=

 

Use implicit differentiation: 

( )

ln

1

1

1
ln

y

y

y

y x

e x

dy
e

dx

dy

dx e

d
x

dx x

=

=

=

=

=

 

( ) ( )

( )

ln

ln

ln

ln

ln

ln

ln

x

x

x b

x b

x b

b

x

d d
b e

dx dx

d
e

dx

e b

e b

b b

=

=

=

=

=

  

( )

( )

ln
log

ln

1
ln

ln

1

ln

b

d d x
x

dx dx b

d
x

b dx

x b

 
=  

 

=

=
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Derivatives of Trigonometric Functions 

( )

( )

0

0

0 0

0 0

sin( ) sin( )
sin lim

sin cos  cos sin  sin
lim

sin cos  sin cos sin  
lim lim

(cos  1) sin  
sin lim cos lim

sin 0 cos 1

cos

h

h

h h

h h

d x h x
x

dx h

x h x h x

h

x h x x h

h h

h h
x x

h h

x x

x

→

→

→ →

→ →

+ −
=

+ −
=

−
= +

−
=  +

=  +

=

 

( )

( )

0

0

0 0

0 0

cos( ) cos( )
cos lim

cos cos  sin sin  cos
lim

cos cos  cos sin sin  
lim lim

(cos  1) sin  
cos lim sin lim

cos 0 sin 1

sin

h

h

h h

h h

d x h x
x

dx h

x h x h x

h

x h x x h

h h

h h
x x

h h

x x

x

→

→

→ →

→ →

+ −
=

− −
=

−
= −

−
=  −

=  −

= −

 

( )

2

2 2

2

2

2

sin
tan

cos

cos sin sin cos

cos

cos sin

cos

1

cos

sec

d d x
x

dx dx x

d d
x x x x

dx dx

h

x x

x

x

x

 
=  

 

 −

=

+
=

=

=

 

( )

( )

2 2

2

2 2

2

2

2

cos
cot

sin

sin cos

sin

sin cos

sin

1

sin

csc

d d x
x

dx dx x

x x

x

x x

x

x

x

 
=  

 

− −
=

− +
=

−

= −

 

( )

( )
2

1
sec

cos

0 sin

cos

1 sin

cos cos

sec tan

d d
x

dx dx x

x

x

x

x x

x x

 
=  

 

− −
=

= 

=

 

( )

2

1
csc

sin

0 cos

sin

1 cos

sin sin

csc cot

d d
x

dx dx x

x

x

x

x x

x x

 
=  

 

−
=

= − 

= −
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Derivatives of Inverse Trigonometric Functions 

 

1 2 2

1

2

 is always postive on the range

 2, 2 . This

allows us to place the denominator in

absolute value sig

sin     cos 1

sin

cos 1

1

cos

cos

of sin ,

1

co

s.

1

1

n

s

y x y x

y x

dy
y

dx

dy

dx y

y

x

dy

d y

y

x

x

 

−

−

= → = −

=

=

=

=

=
−

 −

 

 

1 2 2

1

2

cos     sin 1

cos

sin 1

1

sin

sin

of cos ,

 is always postive on the range

 0, . This

allows us to place the denominator in

absolute v

1

s

alue s

in

1

1

igns.

y x y x

y x

dy
y

dx

dy

dx y

y

x

dy

dx y

y

x



−

−

= → = −

=

− =

−
=

−
=

−
=

−



 

1 2 2

2

2

2

tan     sec 1

tan

sec 1

1

sec

1

1

y x y x

y x

dy
y

dx

dy

dx y

x

−= → = +

=

=

=

=
+

 

 ) ( 

1 2 2

The domain of  is 

2,0 0, 2 . On this domain

 and  are 

csc   cot 1

csc

csc cot 1

1

csc cot

csc

cs always the same sign

so their product is always postive. This

allows us to 

c cot

y x y x

y x

dy
y y

dx

dy

dx y

y

y

x y

y y

 

−

 −

= → = −

=

− =

−
=

=



2

place the denominator in

absolute va

1

csc

lue s

cot

igns

1

.

1

dy

dx y y

x x

−
=

−
=

−

 

 ) ( 

1 2 2

The domain of  is 

0, 2 2, . On this domain

 and

sec   tan 1

sec

sec tan 1

1

sec tan

sec

sec t  are always the same sign

so their product is always postive. This

allows us to pla

an

y x y x

y x

dy
y y

dx

dy

dx y y

x y

y y

y   

−= → =

 

−

=

=

=

=

2

ce the denominator in

absolute val

1

sec

ue signs

n

1

.

ta

1

dy

dx y y

x x

=

=
−

 

1 2 2

2

2

2

cot   csc 1

cot

csc 1

1

csc

1

1

y x y x

y x

dy
y

dx

dy

dx y

x

−= → = +

=

− =

−
=

−
=

+
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Proof of Integrals 

Integral of Trigonometric Functions 

sin
tan

cos

sin
;   cos     sin

sin

1

ln

ln cos

ln sec

x
xdx dx

x

x du
u x du xdx

u x

du
u

u

x C

x C

=

= = → = −
−

= −

= −

= − +

= +

 





 

cos
cot

sin

cos
;   sin     cos

cos

1

ln

ln sin

x
xdx dx

x

x du
u x du xdx

u x

du
u

u

x C

=

= = → =

=

=

= +

 




 

( )

2

2

2

2

1
csc

sin

sin

sin

sin

1 cos

sin
;   cos     sin

sin1

1

1

1 2 1 2
;  using partial fraction expansion

1 1

1

2 1 1

1
ln 1 ln 1

2

1 1
ln

2

xdx dx
x

x
dx

x

x
dx

x

x du
u x du xdx

xu

du
u

du
u u

du du

u u

u u

u

u

=

=

=
−

−
= = → = −

−

=
−

− − 
= − 

+ − 

 
= − − 

+ − 

= − + − −

−
=

+

 











 

( )

( )

( )

( )

2

2

2

2

2

2

1 2
2

2 2

2

1

1 1 1
ln

2 1 1

11
ln

2 1

cos 11
ln

2 cos 1

cos 11
ln

2 sin

cos 1
ln ;   using sin sin

sin

cos 1
ln ;    use  to maintain postive root

sin

ln cot csc ln csc cot

u u

u u

u

u

x

x

x

x

x
x x

x

x

x

x x C x x C

− −
=

+ −

−
=

−

−
=

−

−
=

−

 −
 = − =
 
 

−
=

= − + = − +

 

( )

2

2

2

2

1
sec

cos

cos

cos

cos

1 sin

cos
;   sin     cos

cos1

1

1

1 2 1 2
;  using partial fraction expansion

1 1

1

2 1 1

1
ln 1 ln 1

2

1 1
ln

2 1

1
ln

2

xdx dx
x

x
dx

x

x
dx

x

x du
u x du xdx

xu

du
u

du
u u

du du

u u

u u

u

u

=

=

=
−

= = → =
−

=
−

 
= + 

+ − 

 
= + 

+ − 

= + − −

+
=

−

=

 











 

( )

( )

( )

( )

2

2

2

2

2

2

1 2
2

2

1 1

1 1

11
ln

2 1

1 sin1
ln

2 1 sin

1 sin1
ln

2 cos

1 sin
ln

cos

1 sin
ln ;    use  to maintain postive root

cos

ln sec tan

u u

u u

u

u

x

x

x

x

x

x

x

x

x x C

+ +

− +

+
=

−

+
=

−

+
=

 +
 =
 
 

+
=

= + +
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Integral of Inverse Trigonometric Functions 

1

1

2

1 1

2

2

1 1

1

1

1 2

sin

where   sin   and  

1
so that   and   

1

sin sin
1

let  1   2

sin sin ;    
2

1 1
sin

2

1
sin 2

2

sin 1

xdx udv uv vdu

u x dv dx

du dx v x
x

x
xdx x x dx

x

w x dw xdx

x
xdx x x dw

x w

x x dw
w

x x w

x x x

−

−

− −

− −

−

−

−

= = −

= =

= =
−

= −
−

= − → = −

= −
−

= +

= +

= + − +

  

 

 



C

 

1 1

2

1

2

1

2

2

1

2

1

1
csc ;     csc ,        ,  

1

csc
1

1
csc

1

Let csc  so csc cot   and  cot 1

csc cot
csc

csc 1

csc cot
csc

cot

xdx udv uv vdu u x dv dx du dx v x
x x

x
x x dx

x x

x x dx
x

x u dx u udu u x

u u
x x du

u

u u
x x du

u

x

− −

−

−

−

−

−
= = − = = → = =

−

= +
−

= +
−

= = − = −

−
= +

−

= −

=

  








1

1

1 2

csc csc

csc ln cot csc

csc ln 1

x udu

x x u u

x x x x

−

−

−

−

= + +

= + + −



 

1

1

2

1 1

2

1

2

1 1 2

cos

where  cos   and  

1
so that    and   

1

cos cos
1

see sin  for solution to 
1

cos cos 1

xdx udv uv vdu

u x dv dx

du dx v x
x

x
xdx x x dx

x

x
xdx dx

x

xdx x x x C

−

−

− −

−

− −

= = −

= =

−
= =

−

= +
−

−

= − − +

  

 

 



 

1 1

2

1

2

1

2

1

2

1

1

1
sec ;     sec ,        ,  

1

sec
1

1
sec

1

sec tan
sec ;    sec   sec tan

sec 1

sec tan
sec

tan

sec sec

sec

xdx udv uv vdu u x dv dx du dx v x
x x

x
x x dx

x x

x x dx
x

u u
x x du x u dx u udu

u

u u
x x du

u

x x udu

x

− −

−

−

−

−

−

−

= = − = = → = =
−

= −
−

= −
−

= − = → =
−

= −

= −

=

  










1 2

1 2

ln sec tan ;    sec     tan 1

sec ln 1               

x u u x u u x

x x x x−

− + = → = −

= − + −

 

( )

1

1

2

1 1

2

2

1 1

1

1 2

1

tan ;     

where   tan   and  

1
so that    and  

1

tan tan
1

Let  1   2

tan tan    
2

1 1
tan

2

1
tan ln 1

2

tan

xdx udv uv vdu

u x dv dx

du dx v x
x

x
xdx x x dx

x

w x dw xdx

x
xdx x x dw

xw

x x dw
w

x x x

x x

−

−

− −

− −

−

−

−

= = −

= =

= =
+

= −
+

= + → =

= −

= −

= − +

=

  

 

 



2ln 1 x C− + +

 

1 1

2

1 1

2

1 2

1
cot ;     cot ,        ,  

1

cot ,  see tan  for details on solving this integral
1

cot ln 1

xdx udv uv vdu u x dv dx du dx v x
x

x
x x dx xdx

x

x x x C

− −

− −

−

−
= = − = = → = =

+

= +
+

= + + +
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2 2

1
dx

x a


 and 
2 2

1
dx

a x−


 

2 2

1
dx

x a−


 
Let csc     csc cotx a u dx a u udu= → = −  

and 2 2cot u x a a= − ,  ) ( 2,0 0, 2u   −     

2 2 2

0

2 2

0

2 2 2 2

0
2 2

0
2 2

2 2

0

2 2

1 1
csc cot

csc 1

1
csc cot

cot

csc

ln csc cot

ln

ln

ln

ln ln

ln

dx a u udu
x a a u

u udu
u

udu

u u C

x x a
C

a a

x x a x x a
C

a x x a

a
C

x x a

x x a a C

x x a C

= −
− −

= −

= −

= − − +

−
= − − +

− − + −
= − +

+ −

= − +
+ −

= + − − +

= + − +

 





 

2 2

1
dx

x a+


 

Let 2 2 2tan     sec   and  secx a u dx a udu u x a a= → = = + , 

 ) ( 0, 2 0,u       

( )

2

2 2 2

2

0

2 2

0

2 2

0

2 2

2 2

1 1
sec

tan 1

1
sec

sec

sec

ln sec tan

ln

ln ln

ln

ln

dx a udu
x a a u

udu
u

udu

u u C

x a x
C

a

x a x a C

x a x C

x a x C

=
+ +

=

=

= + +

+ +
= +

= + + − +

= + + +

= + + +

 





 

2 2

1
dx

a x−
  

Let   u x a x au= → =  and dx adu=   

2 2 2 2 2

2

1

1

1

1

1

sin

sin

a
dx du

a x a a u

du
u

u C

x a C

−

−

=
− −

=
−

= +

= +

 

  

Since 
1 1sin 2 cos  − −= − , 

1 1

2 2

1
sin cosdx x a C x a C

a x

− −= + = − +
−
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2 2

1
dx

x a , 

2 2x a dx− and 

2 2a x dx−  

2 2

1
dx

x a−  

Use the partial fraction expansion 
( ) ( )

2 2

1 2 1 21 a a

x a x ax a

−
= +

− +−
. 

( )

2

1 1 1 1

21

1
ln ln

2

1
ln

2

dx dx dx
a x a x ax

x a x a C
a

x a
C

a x a

 
= − 

− +−  

= − − + +

−
= +

+

  

 

2 2

1
dx

x a+  

Let   u x a x au= → =  and dx adu=   

2 2 2 2 2

2

1

1

1

1 1

1

1
tan

1
tan

a
dx du

x a a u a

du
a u

u C
a

x a C
a

−

−

=
+ +

=
+

= +

= +

 


 

Since 
1 1tan 2 cot  − −= − , 

1 1

2 2

1 1 1
tan cotdx x a C x a C

a aa x

− −= + = − +
−

  

  

2 2x a dx−  
2 2

Let sec   sec tan   and tan  .
x a

x a u dx a u udu u
a

−
= → = =

 

( )

( )

2 2 2 2 2

2 2

sec sec tan

tan sec tan

sec tan

x a dx a u a a u u du

a u a u udu

a u udu

− = −

=

=

 



  
Rewrite the integrand using the Pythagorean identity, 

2 2
2 3

3 3

sin 1 cos
sec tan sec sec

cos cos

u u
u u u u

u u

−
= = = −

 

( )2 2 2 3

2

0

2
2

0

2 2 2 2 2
2

0

2 2 2 2 2 2

0

2 2 2 2 2

sec sec

1 1
sec tan ln sec tan ln sec tan

2 2

1
sec tan ln sec tan

2 2

1
ln

2 2

1 3
ln ln

2 2 2

1
ln

2 2

x a dx a udu udu

a u u u u u u C

a
u u a u u C

a x x a x x a
a C

a a a a

x
x a a x x a a a C

x
x a a x x a C

− = −

 
= + + − + + 

 

= − + +

− −
= − + +

= − − + − + +

= − − + − +

  

 

2 2a x dx−  

Let sin   cosx a u dx a udu= → = . This means 

1sin  
x

u
a

−= , 

2 2

sin   and cos
x a x

u u
a a

−
= =  

( )

( )

2 2 2 2 2

2 2

2 2

2

2 2

2 2

2 2

2 2 2 2
1

sin cos

cos cos

cos

1 cos 2
Use identity cos ,

2

cos 2  
2 2

sin 2
2 4

Use identitysin 2 2sin cos ,

2sin cos
2 4

sin
2 2

a x dx a a u a u du

a u a u du

a udu

u
u

a a
du udu

a a
u u

u u u

a a
u u u

a x a x a x

a a a

a

−

− = −

=

=

+
=

= +

= +

=

= +

 − 
 = +     

=

 





 

2
1 2 2sin

2 2

x x
a x C

a

− + − +
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Integral Reduction of Powers of Trigonometric Functions 

1sin sin sinn nxdx x xdx−=   

Let 
1sinnu x−= and sindv xdx=  → ( ) 21 sin cosndu n x xdx−= −

and cosv x= −  

( )

( )

( )( )

( ) ( )

1 2

1 2 2

1 2 2

1 2

sin

cos sin cos 1 sin cos

cos sin cos 1 sin

cos sin 1 sin 1 sin

cos sin 1 sin 1 sin

n

n n

n n

n n

n n n

xdx udv

uv vdu

x x x n x xdx

x x x n xdx

x x x n xdx

x x n xdx n xdx

− −

− −

− −

− −

=

= −

= − + −

= − + −

= − + − −

= − + − − −

 









 

 

( )

( )

1 2

1 2

sin cos sin 1 sin

11
sin cos sin sin       

n n n

n n n

n xdx x x n xdx

n
xdx x x xdx

n n

− −

− −

= − + −

−−
= +

 

 
 

1cos cos cosn nxdx x xdx−=   

Let 
1cosnu x−= and cosdv xdx=  →  

( ) 21 cos sinndu n x xdx−= − − and sinv x=  

( )

( )

( ) ( )

( ) ( )

1 2

1 2 2

1 2 2

1 2

cos

cos sin 1 sin cos sin

cos sin 1 sin cos

cos sin 1 1 cos cos

cos sin 1 cos 1 cos

n

n n

n n

n n

n n n

xdx udv

uv vdu

x x n x x xdx

x x n x xdx

x x n x xdx

x x n xdx n xdx

− −

− −

− −

− −

=

= −

= + −

= + −

= + − −

= + − − −

 











 

( )1 2

1 2

cos cos sin 1 cos

1 1
cos cos sin cos             

n n n

n n n

n xdx x x n xdx

n
xdx x x xdx

n n

− −

− −

= + −

−
= +

 

 
 

( )

2 2

2 2

2 2 2

tan tan tan

tan sec 1

tan sec tan

n n

n

n n

xdx x xdx

x x dx

x xdx xdx

−

−

− −

=

= −

= −

 



 

  

Let 
2tannu x−=  and 

2secdv xdx=  →  

( ) 3 22 tan secndu n x xdx−= − and tanv x=  

( )

2 2

1 3 2

1 2 2

2 2 1

2 2 1

tan sec

tan tan 2 tan sec

tan ( 2) tan sec

( 1) tan sec tan

1
tan sec tan

1

n

n n

n n

n n

n n

x xdx udv

uv vdu

x x n x xdx

x n x xdx

n x xdx x

x xdx x
n

−

− −

− −

− −

− −

=

= −

= − −

= − −

− =

=
−

 











 

1 21
tan tan tan           

1

n n nxdx x xdx
n

− −= −
−   

( )

2 2

2 2

2 2 2

cot cot cot

cot csc 1

cot csc cot

n n

n

n n

xdx x xdx

x x dx

x xdx xdx

−

−

− −

=

= −

= −

 



 

  

Let 
2cotnu x−=  and 

2cscdv xdx=  →  

( ) 3 22 cot cscndu n x xdx−= − − and cotv x= −  

( )

2 2

1 3 2

1 2 2

2 2 1

2 2 1

cot csc

cot cot 2 cot csc

cot ( 2) cot csc

( 1) cot csc cot

1
cot csc cot

1

n

n n

n n

n n

n n

x xdx udv

uv vdu

x x n x xdx

x n x xdx

n x xdx x

x xdx x
n

−

− −

− −

− −

− −

=

= −

= − − −

= − − −

− = −

−
=

−

 











 

1 21
cot cot cot           

1

n n nxdx x xdx
n

− −−
= −

−   

2 2csc csc cscn nxdx x xdx−=   

Let 
2cscnu x−=  and 

2cscdv xdx= → 
2( 2)csc cotndu n x xdx−= − −  and cotv x= −  

( )

( )

2 2 2

2 2 2

2 2

2 2

csc

csc cot ( 2) cot csc

csc cot ( 2) csc 1 csc

csc cot ( 2) csc csc

csc cot ( 2) csc ( 2) csc

n

n n

n n

n n n

n n n

xdx udv

uv vdu

x x n x xdx

x x n xdx

x x n xdx xdx

x x n xdx n xdx

− −

− −

− −

− −

=

= −

= − − −

= − − − −

= − − − −

= − − − + −

 







 

 

 

( ) 2 2

2 2

1 csc csc cot ( 2) csc

1 2
csc csc cot csc     

1 1

n n n

n n n

n xdx x x n xdx

n
xdx x x xdx

n n

− −

− −

− = − + −

− −
= +

− −

 

 
 

2 2sec sec secn nxdx x xdx−=   

Let 
2secnu x−=  and 

2secdv xdx= → 
2( 2)sec tanndu n x xdx−= −  and tanv x=  

( )

( )

2 2 2

2 2 2

2 2

2 2

sec

sec tan ( 2) tan sec

sec tan ( 2) sec 1 sec

sec tan ( 2) sec sec

sec tan ( 2) sec ( 2) sec

n

n n

n n

n n n

n n n

xdx udv

uv vdu

x x n x xdx

x x n xdx

x x n xdx xdx

x x n xdx n xdx

− −

− −

− −

− −

=

= −

= − −

= − − −

= − − −

= − − + −

 







 

 

 

( ) 2 2

2 2

1 sec sec tan ( 2) sec

1 2
sec sec tan sec    

1 1

n n n

n n n

n xdx x x n xdx

n
xdx x x xdx

n n

− −

− −

− = + −

−
= +

− −
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Derivative, Area and Integral Relationship 

An intuitive explanation of the relationship between area, the derivative, and anti-derivative or integral is given below. 

We are given a function f that is continuous on some interval. Let F describe the area of the region bounded between f and the x-axis 

over the interval. 

Chose a point x and a nearby point x + h in the interval. The area of this region if then ( ) ( )F x h F x+ − . 

This area can also be approximated as ( )f x h h+  for small h so, 

( ) ( ) ( )

( ) ( )
( ).

F x h F x f x h h

F x h F x
f x h

h

+ −  + 

+ −
 +

 

If we take lim 0h → the approximation becomes exact, the left side becomes the ( )F x and the right side f(x): ( ) ( )F x f x = . 

This shows that the derivative of the function that describes the area under a curve is the function that describes that curve. 
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